H!(M, &'M) -+ Pico(M)
When i = 1, Beauville [B2] proved-as conjectured in [GLl] 
-that S!(M)
consists of pullbacks of bundles from irrational pencils of genus ~ 2, together with a finite number of isolated points.! His method, involving a "twisted" version of Castelnuovo's Lemma about two I-forms on a Kahler manifold that wedge to zero, is quite different from the techniques of this paper. However, when i> 1, it is fairly easy (see Example 5.2) to construct examples where M is the Cartesian product of a surface and a curve for which the line bundles in a positive-dimensional component of S2(M) do not pull back from a variety of dimension 1 or 2; such components consist of a constant line bundle tensored with a family that does pull back from a surface or a curve. The proof of Theorem 0.1 builds on the deformation theory developed in our earlier work, but incorporates higher obstructions. The essential point is Theorem 3.2, in which we obtain a formula for computing locally the higher direct image sheaves of a family of topologically trivial line bundles. The result is that in the neighborhood of a given bundle L E Pico(M) , these direct images are computed by a complex D~(2') constructed formally from the cohomology of L. As a matter of expository preference, we develop this obstruction theory in the context of the Dolbeault cohomology, but it is equally possible to work in a purely finite-dimensional setting.
In the situation of Theorem 0.1, we have the inequalities
dim(aM(M)) -i ::; dim(aM(M)) -dim(aN(N)) ::; dim(Alb(M)) -dim(Alb(N)) ::; codim(Z).
We therefore obtain our earlier result from [GLl] :
Corollary 0.2.
codim(Si(M)) ~ dim(aM(M)) -i.
Theorem 0.1 has some interesting applications. One is the problem of generalizing the Castelnuovo-DeFranchis lemma to the case when one has a compact I Note added in proof. The results of [B 1] have been supplemented and corrected in Beauville, "Annulation du HI pour les fibres en droites plats," preprint.
Kahler manifold M and holomorphic forms w E HO(n1-) and P E HO (n~) such that wA/3=O,but /3 is not of the form wAy for any YEHo(n~I) . We show in Theorem 5.3 that this forces w to pull back from an analytic variety N with dim(aN(N)) = dim(N) ::; i by an analytic map f: M ~ N. There are easy examples on a product of three curves (Example 5.2) to show that /3 does not necessarily pull back.
Another application is that one obtains restrictions on the fundamental group of compact Kahler manifolds. The main idea is that for any finitely presented group G, one can mimic the definition of Sl (M) using group cohomology to define an object SI(G). These are subvarieties of the character group Hom( G, Sl) of G, and must turn out to be translates of subtori if G = 71:1 (M) for a compact Kahler manifold M. These varieties are easily calculated given a presentation of the group, and rarely turn out to be subtori.
We want to mention that another interesting and closely related case in which higher obstructions are known to vanish automatically occurs in the work of Goldman-Millson [GM] .
Both in originating the problem and at numerous steps along the way, Catanese and Beauville have inspired and influenced this work, both through their papers and private conversations on several continents. There has been a constant interweaving of our points of view, which in many ways, has resulted in a better paper. The exponential sheaf sequence gives a canonical map
where Aa is a ~oo function on Va' Then using the proof of the Dolbeault isomorphism, the transition functions gap for the bundle associated to T( ¢) may be taken to be 
for all i and all q > 0 .
Proof. This follows by using a partition of unity on M. 0 Lemma 2.2. The sequence
Proof. This is just the a-Poincare lemma with analytic parameters. The same proof works. 0
Let Note that
A~~z/z(U, 2) = {1jI E r(p;1(U) , ~:xz(p;T~,i)* ®2)) I azljl = O}.
This gives a complex of sheaves of &z-modules (A~:z/z(2), aM)' Proposition 2.3.
Proof. The sheaves in the exact sequence of Lemma 2.2 are all sheaves of p;&z-modules, and aM is a map of p;&z-modules. The proposition is a consequence of the spectral sequence relating the direct image sheaves of an exact sequence, taking note of the vanishing of the higher direct image sheaves of all but the left-most term. D
We now take Z to be the n-ball with coordinates t1'''' , tn' since our considerations are local. We make the assumption that we have a family of topologically trivial bundles, i.e. that 
where the last term is to be interpreted as
We may summarize these remarks as Proposition 2.4. In the situation just described, A~:z/z(2') is isomorphic to the complex License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
The derivative complex of sheaves D~ (2') of the line bundle 2' at L is the complex
where the differential is a wedge product with
be compact Kahler and L E Pico(M). If ¢ E AO, l(M) and
if and only if
Proof. Since L E Pico(M) , it has a unitary flat connection. By Hodge theory for such bundles, when we conjugate we have
So (fi /\ I[J is holomorphic, and hence its conjugate ¢ /\ IfI is harmonic. Now 
where the subscript 0 means stalk at zero.
Proof. Let A-be the complex A~:z/z(2'). We know that 9f;2* (2') ~ jf'i (A-) . 
i -c u ia i : Jr (H L ) -+ tn (A).
The kernel and cokernel of Q i are coherent sheaves. We want to show that Q i is an isomorphism on the stalks at O. Let m = (tl' ... , t n ) denote the maximal ideal at 0 in (&'z) o. This induces a filtration on H~ and A e • By the spectral sequences for these filtered complexes, we obtain filtrations on Jf'i(H~) and Jf'i(A e ) , which makes
into a filtered complex. The spectral sequence for this filtered complex gives a filtration on ker(Qi) and coker(Qi)'
Let IfI E grP(coker(Q)) be a nonzero class. By the spectral sequence for the cohomology of the complex
this class is represented by a nonzero element of grP (Jf'i(A e ) Now let us take Z to be one-dimensional and 2' -+ M x Z the bundle coming from the "straight line" J:
where ¢ is a harmonic (a, i)-form. We have the derivative complex
that is the complex of vector spaces
where the differential is I\¢. This is the derivative complex considered in [GLl] . 
with differentials
Then it is an elementary fact that
Hi(V·) = (ker(A i ) ® C[t]I(t)) EEl (Hi(V·) ® C[t)).
On a punctured neighborhood of zero, the sheaves .9f;2* (2') are all locally free, and therefore compute the pointwise cohomology groups Hi (L t ). 0
PROOF OF THE MAIN THEOREM
We are now ready to complete the proof of the main theorem. Let M be a This completes the proof of the main theorem. 0
EXAMPLES AND FURTHER APPLICATIONS
Example 5.1. We start with an example to show that it is possible that a positivedimensional component of Si(M) is contained only in a translate of the pullback of pica of a lower-dimensional variety. Let X be an algebraic surface so that Sl (X) consists of isolated points, and contains an element L other than the trivial bundle (see [BI] ). Note that X cannot have any irrational pencils of genus 2:: 2. Let C be a curve of genus 2:: 2, and put M = C x X , with
L as an irreducible component. By the remark above, it is impossible for this component to be the pullback by a map from C x X to a curve C' of some family of line bundles on C' . If there were an analytic map h: C x X -+ X' to a surface X' so that the component of S2(M) just described pulls back from Pico(X') , we would have a surjective map Pico(X') -+ Pico(C). Since X has no irrational pencils of genus 2:: 2, the map X -+ X' must be dominant, so Pico(X') -+ Pico(X) must be injective. Up to isogeny, Pico(C) occurs as a factor of Pic°(X). By varying C, we can be sure that this does not happen, as there are only countably many such factors. As a result, for manifolds of dimension 2:: 3, Beauville's theorem [B2] does not hold in its full strength-there are positive-dimensional components of S2(M) that do not pull back from a curve or a surface. 2 However, these components are a constant bundle tensored with a family of bundles that does pull back from a lower-dimensional variety. This explains the form taken by the main theorem.
A classical lemma of Castelnuovo and DeFranchis states that if OJ and 11 are linearly independent holomorphic one-forms on a compact Kahler manifold M 2See the footnote on page 2. such that w 1\ 1' / = 0, then wand 1' / pull back from a curve C of genus ~ 2 under a surjective holomorphic map f: M -+ C. As is clear from [GLl] and especially Beauville's work [B2] , this lemma and its twisted analogue are closely related to the fact that any positive-dimensional component of SI (M) pulls back from a curve. Hence it is natural to ask whether there are analogues of Castelnuovo's lemma for forms of higher degree. The next example shows that the most naive possible generalization fails.
Example 5.2. Let C I , C 2 , C 3 be curves of genus ~ 2 and set M = C I x C 2 x C 3 , with PI' P2 ,P3 the projections. Let AI' A2 E HO(n~) be linearly 1 independent I-forms vanishing at exactly one common point, J.l E HO(n~ ) ; 2 and r E HO(n~ ) . Also let 3 P = p~AII\P;J.l + P~A2I\p;r;
We notice that WI\P=O.
On the other hand, it is impossible to find a )' E HO(n1-) such that
for then P would vanish on p;l(div(A I )), and this does not happen. Furthermore, P does not pull back from an analytic map from M to a surface, since then every component of the zero locus of P would have dimension at least I, whereas P vanishes at isolated points. Thus, the natural generalization of Castelnuovo's Lemma does not hold for k-forms with k > I . Notice, however, that W does pull back from an analytic map from M to a lower-dimensional variety. Indeed, this is essentially a general fact: &'M) There are some highly interesting results along these lines that follow from both Catanese [C2] , who has applications to moduli of irregular varieties, and Peters, who has applications to infinitesimal Torelli for irregular varieties.
We now present some applications to the fundamental group of a compact Kahler manifold.
Definition. Let G be a finitely presented group. For X: G --+ Sl a character, let Vx be the associated G-module, so that Vx is a one-dimensional complex vector space. The ith cohomological support varieties of G are the sets The following theorem was found by a different method by Gromov [Gr] . There is a related result of Siu [S] and Beauville. 
FURTHER REMARKS AND OPEN PROBLEMS
Although in this paper we have concentrated on developing a higher obstruction theory for families of topologically trivial line bundles, there is a nice higher obstruction theory on compact Kahler manifolds for families of analytic vector bundles. For a family ~ of vector bundles on M parametrized by the disc, there is a spectral sequence E~' q such that and so on. In the case where we consider "straight lines" in Pico(M) , we may take all the Aj to be zero. Of course, it is usually quite subtle to compute the differentials of this spectral sequence when the line bundles are not topologically trivial. On the other hand, much of what we have done in this paper extends to the case of unitary flat vector bundles.
